Abstract: An imaging design approach which is free of third-order astigmatism for one freeform optical surface and the image is presented in this paper. A set of differential equations is derived from generalized ray tracing. The solution of the above derived equations provides the anastigmatic freeform optical surface, the image surface and the object to image mapping. The obtained design can be used as a good starting point for optimization. As an example, a reflective freeform surface is designed for a single reflective Head Mounted Display (HMD). This example has a 3 mm pupil, 15mm eye clearance, 24-degree diagonal full field of view, and the final design yields an average MTF of 62.6% across 17 field points.
Introduction
Aspherical and freeform optical surfaces can provide more compact and lightweight imaging designs in most cases. Design methods based on multiparameter optimization depend on a good starting point to achieve a good local minimum of the merit function, and direct methods can provide a good starting point.
For rotational symmetrical aspherical designs with direct methods, Schmidt corrector plate is an early example of a single aspherical design to correct spherical aberration in a telescope [1] , and Schwarzschild pioneered the design of two aspherical surfaces for full aplanatic system, i.e. they were free from spherical aberration and circular coma of all orders [2] . Later, Wassermann and Wolf [3] generalized Schwarzschild approach presenting a method for the design of two aspherical surfaces as a solution of two simultaneous first-order ordinary differential equations. Standard integrating methods have been applied to obtain the numerical solution to get the aspherical profiles, although Willstrop and Lynden-Bell gave analytical solutions of the Schwarzschild design [4, 5] . The SMS 2D method is another method that has been used to directly design two rotational aspherical surfaces for imaging [6] , which can be seen as a system of functional differential equations [7] . It has been used, for instance, to design a telephoto for the SWIR band [8] , and the SMS aspherical surfaces have been used as the starting point for finding an optimized solution [9, 10] .
However, in the case of non-rotational symmetrical (freeform) surfaces for imaging, fewer direct methods have been proposed. A geometric algorithm has been proposed to directly design a single freeform surface for distortion correction [11] and a generalization of the Wassermann and Wolf differential equations has been suggested for two freeform surfaces [12] . The SMS 3D method, which can be seen as a system of functional partial differential equations, has also been used for two freeform sharp-imaging (i.e., with no ray aberrations) of up to three object points, and also as a starting point for a posterior optimization [7] .
In this paper we describe a novel direct method for designing a single aspherical or freeform surface which is free of astigmatism of third-order. In this method, only the object (or image) surface can be prescribed, and the image (object) surface is calculated, and the mapping between those surfaces is also obtained as a result of the design. The method is based on finding the differential equation on the optical surface deduced by equating the principal curvatures of the output wavefronts, which is done in Section 3 for both an aspherical rotational surface and a freeform surface. A brief description of getting the numerical solution is presented in Section 4. In Section 5, specific designs are shown, including the use of a freeform anastigmatic surface as a starting point for a subsequent optimization.
Statement of the problem
The method of single surface design presented here uses a biparametric set of rays prescribed at the object space defined with a wavefront as the input data, which will be refracted or reflected on the unknown refractive or reflective optical surface, and those output rays in the object space will be perpendicular to the output wavefront, which is unknown. We will refer to these two wavefronts as input and output "supporting" wavefronts, because for each ray of those wavefronts, we will consider another wavefront tangent to the supporting wavefront at that ray, which we will call "supported" wavefront, and whose principal curvatures and orientation of curvature lines do not coincide with that of the supporting wavefront. Therefore, we have a biparametric set of supported wavefronts tangent to one supporting wavefront. In our approach, we will consider a second order approximation of the supported wavefronts along the tangent point to the supported wavefront, and therefore, each supported wavefront will be fully characterized with the value of their principal curvatures and the orientation of the curvature lines relative to those of the supporting wavefront. This description is adequate, for instance, to model an optical system with a small aperture stop. A schematic drawing of the system is shown in Fig. 1 to clarify these definitions. Considering that the input supporting wavefront and the second order approximations of the input supported wavefronts are given, the design problem is stated as follows: find the optical surface (refractive or reflective) such that the second order approximations of all the output supported wavefronts are spherical, so the design will be free from third-order astigmatism. The image surface will not be constrained, but calculated afterwards as the surface which the centers of curvature of the spherical output supported wavefronts lay on. These design conditions lead to a second-order partial differential equation in the general case, and to second-order ordinary differential equation in the rotational symmetrical case, as shown in the next section.
Differential equations for the optical surface profile
In this section, the analysis of both the freeform and the rotational symmetrical cases is for refractive surface. But it's also valid for a reflecting optical surface.
The freeform case
The generalized ray tracing equations link the curvatures of the optical surfaces, the ones of the input and output wavefronts and the twist of the principal lines of curvature caused by refraction. Considering the plane of incidence and the plane perpendicular to the incident plane which contains the normal to the surface as well, the Coddington equations are the ones giving the propagation of the parameters of the supported wavefronts as [13, 14] : 2 2 cos cos cos cos , cos cos
where subscripts q and p refer to the plane of incidence and the perpendicular one respectively, n denotes the refractive index, ρ denotes the radius of curvature, α denotes the angle between the ray and the normal of the surface and 1/σ denotes the torsion of the geodesic curve. Subscripts i, o and s refer to input, output and surface respectively. Variables α i , α o , n i and n o are related by Snell's law n i ·sin(α i ) = n o ·sin(α o ). The torsion is related to the angle δ between the tangent of the curve and a curvature line by ( )
where 1/ρ ξ and 1/ρ η are the curvatures in the principal directions. These principal curvatures are solutions of the characteristic equation [15] ( ) (
Here E, F, G and L, M, N are the first and second fundamental quantities, respectively. We can describe the optical surface in spherical coordinates (r(θ, φ), θ, φ), where r is the radial distance, θ is the complement of the polar angle and measured from the plane to which the zenith direction is perpendicular, φ is the azimuthal angle. The first fundamental quantities of the optical surface are functions of r, θ, φ, ∂r/∂θ = r θ and ∂r/∂φ = r φ , while the second fundamental quantities are also functions of ∂ 2 r/∂θ 2 = r θθ , ∂ 2 r/∂φ 2 = r φφ and ∂r 2 /∂θ∂φ = r θφ , as follows: 
We will restrict our analysis here to the particular case in which the input supporting wavefront is spherical centered at the origin, and the second order approximation of the input supported wavefronts are also spherical, so ρ pi = ρ qi = R(θ, φ) and 1/σ i = 0.
Since the design condition is that the second order approximation of the output supported wavefronts must be spherical too, that is, ρ po = ρ qo and 1/σ o = 0, from Eq. (2) we deduce that 1/σ s = 0, i.e., p and q are the principal directions for the optical surface. Thus the fundamental quantities F and M are 0 [15] .
Extracting ρ qo , ρ po from Eq. (1), the equation ρ po = ρ qo gives as: 2 2 cos cos cos cos cos cos .
From Eq. (4) and Eq. (5) we can get the expressions of ρ qs = E/L and ρ ps = G/N as functions of (r, θ, φ, r θ , r φ , r θθ , r φφ , r θφ ), and therefore, Eq. (6) 
(θ, φ).
A particularly simple expression is obtained if we restrict our analysis to second order approximation of the input supported wavefronts which are flat, i.e., R(θ, φ) = ∞. In this case, Eq. (6) 
The solution of this equation together with specific boundary condition is a function r(θ, φ) representing a 3D freeform anastigmatic optical surface. Once r(θ, φ) is known, we can calculate ρ po (θ, φ) and ρ qo (θ, φ) in Eq. (1) which together with α o (θ, φ) will give the information to calculate the point on the image surface corresponding to the parameters (θ, φ).
The rotational symmetric case
In the particular case in which the function R(θ, φ) = R(θ), the input supporting wavefront and the input supported wavefronts are symmetric with respect to the axis θ = 0. If the boundary conditions of the PDE are also consistent with that symmetry, the solution will be found to be rotational symmetrical. In fact, such a solution can be obtained by a simpler second-order ordinary differential equation in r(θ), using that in this case the tangential and sagittal directions are the principal directions and therefore the expressions of ρ ps and ρ qs are given by [16, 17] ( ) ( ) ( ) (1) and with it can be calculated the image surface, which will be rotational symmetrical but not flat in general.
Numerical solution of PDE [18]
Following [18] , the numerical solution to a hyperbolic PDE like Eq. (8) requires a boundary condition that can be set discretizing a curve with n points ( (Fig. 2 (a) ). Through every point there will pass two distinct characteristic curves whose slopes are given as ( ) ( ) 
Then the improved value of 1 i r is found from Eq. (14) . An iterative procedure is applied until all of r, θ, φ, r θ and r φ at the point Fig. 2 (b) ). Repeating the above procedure, we can obtain the numerical solution as a series of points ( 1 1 p , 1 2 p , …, (Fig. 2 (c) ). 
Optical design example
Design examples of the rotational solutions have been presented previously [19] , so only a freeform solution will be exemplified here.
The design is symmetrical about the plane φ = 0. Thus the intersection curves of the optical surface and the image surface with this plane is chosen as initial curves. The value of r, θ, r θ and r θθ can be obtained from the design presented previously [19] . From the symmetry, we can deduce that φ = 0, r φ = 0 and r θφ = 0. r φφ can be obtained by substituting the above values into the PDE. Thus they fulfill the condition that all the output supported wavefronts converge to the point on the initial curve of the image surface (Fig. 3) . From the initial curve of the optical surface, other points of the optical surface have been obtained by solving the PDE applying the numerical method described in Section 4. After that the optical surface is represented using a Forbes polynomial fitted to these points. The example of a freeform anastigmatic reflector design is shown in Fig. 4 . The whole system has 15.5 mm eye clearance, 24 degree diagonal full field of view (9.56° x semi-field and 7.2° y semi-field), and a 14° mirror tilt angle. The distance from the pupil to the vertex of the mirror is 16.0mm. Distance from the vertex of the mirror to the image plane is kept around 13mm, The image plane has a rectangular aperture with a size of 4.8mm by 3.6mm in the x and y dimensions, respectively. The effective focal length is 13.2mm and the f-number is 4.4.
After obtaining the numerical solution with the prescribed boundary condition, we have calculated the two surfaces formed by the centers of principal curvatures of the output supported wavefronts separately. Both surfaces should be coincident, so the differences between them is a measure of the calculation errors. The max deviation is 0.01% of the average radius, i.e., it is essentially anastigmatic.
This design method has not enough degrees of freedom to prescribe a flat image surface, which, of course, is much more interesting than a curved one for practical applications. Nevertheless, the boundary conditions can be chosen to get an "almost" flat image surface. For this purpose we have chosen a straight line as the initial curve of the image surface. A subsequent optimization of the reflector surface has been done in CodeV evaluating the image quality at the plane which best approximates the curved image surface. The result of this optimized design is shown in Fig. 5 . The Modulation Transfer Function has been evaluated for 17 field points and the result is shown in Fig. 5(left) . The distortion grid is plotted in Fig.  5 (right) . Cakmakci et al [20] have proposed a combination of Gaussians as a sum of basis functions proposed for the representation and optimization of the optical surface profile in a similar configuration with 60.5% of average MTF value at the frequency of 23 cycles/mm and 3.6% of max distortion. The design example presented in this paper has achieved a better average MTF value of 62.6% at the frequency of 23 cycles/mm. The max distortion is 9.65%.
Discussion and conclusion
Since the perfect imaging requires that the tangential foci and sagittal foci are the same, we have applied this differential equation approach in imaging designs by considering the tangential and sagittal ray propagation simultaneously. This means that the freedom is removed from controlling the mapping from the object to image, resulting that the mapping from the object to image as well as the shape of the image surface is obtained after the design of the optical surface. But instead, it is used to control the sagittal ray propagation, providing the significant gain in image quality evaluations such as MTF value.
Based on this approach, a single surface anastigmatic design example has been developed. As a good initial design for optimization, a single mirror HMD design with an average MTF value of 62.6% at the frequency of 23 cycs/mm has been achieved. a n r n r r n r r n rr n rr r 
